Worldwide, a significant proportion of the large diameter (trunk) mains within water networks are still made of aging cast iron material. With corrosion seeming to be the most significant cause of deterioration in cast iron trunk mains, the traditional structural view of the residual strength of the pipe has been based on the strength of the remaining wall thickness, i.e. a loss-of-section approach. In some situations this may lead to an over-estimate of the residual strength and better predictions can be made using an approach based on fracture mechanics. The present research has shown how loss-of-section models of residual strength can be used alongside fracture mechanics models in a twin approach to provide boundaries to the failure envelope for a "ring element" subjected to combined bending and direct (tensile or compressive) forces. When the application of such a failure envelope to a ring from a pipe under combined vertical loading and internal pressure is considered, it was found that in addition to its size, the angular position of a corrosion defect can have a significant effect on the residual strength of the pipe.
Introduction
In the developed world, the water industry tends to operate in a context of large scale infrastructure for the delivery of potable water and the removal of sewage. For more than a century, the material of choice for many of these networks was cast iron. Remarkably, these assets are still an integral part of the network and many cast iron mains have in fact outlived the pipes that replaced deteriorated parts of the network.
Cast iron trunk mains are typically of large diameter, between 12″ and 48″ (approximately 300-1200 mm; since the majority of these assets were manufactured pre-SI, both sets of dimensions are included for completeness). These mains convey large volumes of water between reservoirs, treatment works and local distribution networks (comprising pipes typically between 4″ and 12″ i.e. approximately 100-300 mm in diameter), sometimes over quite significant distances (e.g. up to tens of kilometres). Compared to the smaller distribution mains, trunk mains tend to have low failure rates, but when they do fail the consequences are potentially much more significant, with high direct, indirect and societal costs. The catastrophic consequences associated with failure of trunk main assets, along with the critical role they play within the water supply network, necessitate proactive asset management strategies aiming to reduce risk of failure of individual mains and improve resilience of the network. However the extent and size of this network of underground assets make widespread replacement unfeasible and risk-based management strategies based on targeted replacement of deteriorated parts of the network and actions to mitigate risks become paramount [1] .
Asset management, in this context focussing on the targeted replacement of deteriorating mains, requires tools and models for the prediction of the future performance of the network. Several physically based deterioration models have been developed in recent years [2] [3] [4] [5] [6] [7] [8] , which attempt to simulate the in-service deterioration and failure mechanisms of cast iron distribution water mains. There are also methodologies that apply specifically to water trunk mains [9] [10] [11] . However, the requirement for a robust deterioration model that enables the accurate prediction of condition and performance of cast iron trunk water mains has remained one of the key challenges, worldwide.
Critical to developing the right deterioration methodology for cast iron trunk mains is to establish the principal deterioration mechanism, i.e. the key process that governs aging and failure. Recent work [12] has investigated a number of parameters, with corrosion seeming to be the most significant cause of deterioration (particularly when compared with fatigue). However the prediction of deterioration is not straightforward, requiring: 1) the ability to characterise the material (in terms of the microstructure, the mechanical properties controlled by this microstructure and hence the performance); 2) knowledge of local conditions (in terms of soil chemistry and loading from the soil, traffic and the impact of buildings and other services); 3) knowledge of operational pressures placed upon the network by its users; and 4) models that link the degraded condition of a pipe to its residual strength.
Local conditions can affect the deterioration of such pipes and the size of the pipe can also have an impact on the behaviour observed due to a combination of geometrical considerations and the depth that pipes are buried. Smaller diameter pipes are typically buried more shallowly than larger diameter pipes, although civil engineering standards in different countries may specify different depths due to geological and climate variations, e.g. pipes in Canada tend to be buried more deeply due to ground frost issues. For trunk mains the corrosion encountered within a single pipe has been shown to exhibit much greater variability than that observed on small diameter distribution mains. Further, two different conformations of corrosion were observed, i.e. patches of corrosion of uniform depth and more localised pit-like corrosion [13] .
Cast iron is a relatively brittle material and typically structurally fails through fracture when subjected to stresses that exceed the residual strength of the material. With corrosion seeming to be the predominant cause of deterioration of cast iron pipes, the traditional structural view of the residual strength of the pipe has been based on the strength of the remaining wall thickness, i.e. the loss-of-section approach [4, 10, [14] [15] [16] . In certain circumstances however corrosion, particularly when it is in the form of localised corrosion, can become analogous to a crack. Recent experimental work [13] on samples sourced from failed large diameter cast iron trunk mains suggested that a fracture mechanics approach to strength analysis is more appropriate in such cases than methods relying solely on loss-of-section. This suggests a link between the conformation of corrosion defects and the residual strength of samples. However, despite fracture mechanics theory being cited in the literature to explain the loss of strength of cast iron pipes containing corrosion pits [3, 13, 15, [17] [18] [19] , few of these studies incorporate the approach as part of a comprehensive failure modelling framework.
One paper that has considered this is a study by Li and Mahmoodian [11] in which a methodology was presented to estimate the remaining strength of cast iron trunk mains by considering the concept of the critical stress intensity factor as the failure criterion. In this study a corrosion pit is considered to cause localised cracks at or around the tip of the corrosion pit hence creating stress concentration in accordance with fracture mechanics theory. On this basis, their proposed methodology simplifies a three dimensional semi-ellipsoidal corrosion pit to be treated as a semi-elliptical longitudinal crack with Mode I fracture (in-plane tensile mode) to be anticipated when the stress intensity factor reaches its critical value, i.e. the material's fracture toughness. However, in estimating the stress intensity factor, only the hoop stress caused by internal pressure in the pipe is considered and the effects of inplane bending stresses (as well as some hoop stresses) caused by external loading are ignored. In contrast, the current study outlines a methodology to implement the principles of fracture mechanics alongside the loss-of-section approach whilst also considering complex loading situations representative of those found in service.
More specifically the aim of the present work is to show how a fracture mechanics approach could be implemented to estimate the residual strength of pipes and be used alongside loss-of-section models to provide boundaries to the failure envelope. In both cases, geometrical and operational conditions are taken into account. The structure of the paper is as follows: the next section provides a brief background to the principal structural performance limit in cast iron trunk mains and explores the concept of the combined loading analysis as originated by Schlick [20] and developed in a recent methodology by Rajani and Abdel-Akher [10] for large diameter cast iron pipes. The subsequent section examines the flexural strength of a cast iron ring element using both the loss-of-section and fracture mechanics approaches. The final section of this paper presents combined loading curves of vertical loading against internal pressure for a ring of a cast iron pipe, following a similar methodology to that suggested by Rajani and Abdel-Akher [10] , but with the addition of a fracture mechanics based failure criterion.
Structural performance limit in cast iron trunk mains
The two principal types of failure in cast iron pipes are longitudinal and circumferential fractures, with the latter being more commonly observed in (large diameter) trunk mains and the former in (small diameter) distribution mains. This is because the small diameter pipes respond primarily to external loadings and temperature differences through longitudinal stresses that cause circumferential breaks, while large diameter pipes mainly fracture longitudinally due to hoop stresses [7] . An empirical failure criterion for large diameter rigid pipes experiencing resistance in the in-plane direction was proposed by Schlick [20] . Schlick's failure criterion shows that failure of a cast iron pipe as a rigid structural component under combined internal pressure p and an external load w is governed by parabolic interaction curves and can be expressed in terms of normalised loading and water pressure by this expression:
where W f is the external load that is necessary to cause failure in the absence of internal pressure, and P f is the internal pressure necessary to cause failure in the absence of external loading. This method is commonly known as "combined loading analysis" [21] . The Schlick failure criterion has been used in several failure methodologies concerning cast iron pipes [2] [3] [4] 7, 8, 9] . Most recently, Rajani and Abdel-Akher [10] presented a mechanistic model to predict the factor of safety of large diameter cast iron pipes based on combined loading analysis. Their proposed methodology undertakes finite element analysis and relates the residual strength to the remaining wall thickness, i.e. a loss-of-section approach. The results of the laboratory testing conducted by Schlick [20] on 12″ and 20″ (approximately 300 and 500 mm) cast iron rings were used to validate the proposed methodology.
As part of the current study, the methodology proposed by Rajani and Abdel-Akher [10] has been adopted and explored further for the purpose of comparing a residual strength model that is developed based on a fracture mechanics approach to the one that is based on the traditional loss-of-section view. In the first instance the concept of flexural strength of a ring element is examined using both loss-of-section and fracture mechanics approaches. The resultant flexure strength models have then been compared and used subsequently to produce combined loading failure curves for external loading and internal pressure for a thin circular ring.
Flexural strength of a ring element

Loss-of-section analysis of a ring element
A "ring element" here is defined as a cross section of negligible length and small width across the pipe wall thickness at any point along the ring (Fig. 1 ). Typically elements around the ring, when considered in plane, are subjected to a combination of force, creating hoop stresses tangential to the ring, and bending moment. The flexural strength of a ring element is therefore defined by any combination of force and bending moment that corresponds to failure conditions for that element, and is represented in the form of an interaction diagram of forces and moments [10] that is referred to as the interaction diagram of flexural strength. A positive force is assumed to be one that creates tension across the element and a positive moment is considered to be one that subjects the inner wall to tension, and the outer wall to compression.
The failure condition here is defined as when the tensile or compressive strain at the surface of the ring element is equal to the ultimate values of the material. Fig. 2 illustrates a generalised schematic of the flexural strength interaction diagram of forces and bending moments of a ring element based on the loss-ofsection analysis. The flexural strength diagram defines a failure envelope for the ring element outside which failure is anticipated (shaded area). A corrosion defect in this model has been simulated as a loss of thickness over the length of the ring element. The flexural strength interaction diagram can be created numerically following the general steps summarised below: 1) calculation of the maximum tensile force per unit length of pipe ( F ut ) by multiplying the tensile strength ( σ ut ) by the remaining wall thickness of the ring element; 2) calculation of the maximum compressive force per unit length of pipe (F uc ) by multiplying the compressive strength (σ uc ) by the remaining wall thickness of the ring element; 3) for a force (F n ) intermediate between the maximum values of F ut and F uc forces, establishing the location of the neutral axis; 4) calculation of the corresponding bending moment capacity per unit length of pipe ( M n ).
As part of the present analysis, representative stress-strain behaviour was assigned to a cast iron ring element based on the experimental observations from flexural tests and an associated model put forward by Jesson et al. [13] . Appendix A expands on the representative stress-strain model and the relevant calculations undertaken to produce the flexural strength interaction diagram of a ring element. A linear distribution for strain has been assumed across the wall thickness. The stress is assumed to be following a linear elastic distribution until yield, followed by plastic deformation until fracture. It should be noted that as cast iron is weaker in tension than in compression, under flexural tests, the material would fail in tension and the compressive part of the model presented by Jesson et al. [13] was only calculated for a corresponding strain at tensile failure. As part of the current work, however, for completeness, the material has also been assumed to yield and fracture in compression in a similar manner when reaching stresses of about twice the yield strength in tension (a similar observation on the relative values of compressive and tensile yield strength was made by Seica and Packer [22] ). Fig. A2 shows the schematic of stress-strain relationship for the present purposes. The values used were: a Young's modulus of 80 GPa in both tension and compression and nominal tensile and compressive strengths of 160 MPa and 320 MPa, and tensile and compressive failure strains of 0.3% and 0.6%, respectively. Fig. 3 illustrates the interaction diagrams of forces and bending moments created for a ring element along a ring of a 30″ (approximately 750 mm) cast iron pipe with an original (arbitrarily defined) wall thickness of 27.7 mm as well as ring elements with reduced thicknesses due to corrosion. As can be observed, with the loss-of-section (corrosion depth) increasing, the failure envelope shrinks, with a greater reduction in bending capacity than done of hoop capacity.
Fracture mechanics analysis of a ring element
In a fracture mechanics model, the failure criterion of a ring element containing a defect is defined by any combination of force and bending moment that leads to a fracture mechanics Mode I failure condition, i.e. the combined stress intensity factor ( K I ) becomes equal to the critical stress intensity factor or fracture toughness ( ) K Ic . Here, an external corrosion defect is simulated as a sharp longitudinal crack along the pipe that is circumferentially located around the ring where maximum corrosion depth occurs (Fig. 4) . Therefore a pipe containing a corrosion pit can be analysed as if it contains a ring element with an externally located surface crack. It should be noted that most of these mains transport water which is either treated or intended to be so, and therefore, in general the water is not particularly aggressive, especially compared to the local ground conditions. For simplicity here therefore, corrosion is considered at the external surfaces of pipes. Fig. 5 illustrates a generalised schematic of a flexural strength interaction diagram of forces and bending moments for a ring element containing an externally located longitudinal crack. A linear relationship is observed between the force and the bending moment at failure: fracture failure is anticipated in the shaded area. Each point on the interaction diagram can be numerically calculated based on:
where K I Force , is the stress intensity factor created due to hoop stress caused by an assumed tensile/compressive force ( F n ) per unit length of pipe, and K I Bending , is the stress intensity created due to the corresponding bending moment capacity per unit length of the pipe ( M n ). Here, the stress intensity created due to hoop stress (
calculated by applying what is known as the Newman's correction factor [23, 24] to the stress in hoop direction:
where f Newman is the Newman's correction factor and σ Hoop represents the stress in hoop direction. The Newman's correction factor has been calculated by Raju and Newman [24] for a wide range of internal and external semi-elliptical surface cracks on internally pressurised cylinders; it can be estimated at any point along a longitudinal external semi-elliptical surface crack in a pressurised cylinder from:
Newman e where a and c are crack depth and half the crack length respectively; d and R are the cylinder's wall thickness and internal radius respectively; ∅ defines the angular position of stress on the crack front, clockwise from the surface as schematically shown in Fig. 6 ; f e is the boundary correction factor for an externally located surface crack; and Q is the shape correction factor. The relevant equations to calculate f e and Q can be found in references [11, 23, 24] , and are presented for completeness as part of Appendix B to this paper. In order to obtain the maximum value of stress intensity factor, the value of K I Force , is taken at the deepest point of the crack ( π ∅= /2). Here, we consider a range of semi-elliptical external surface cracks where:
In the presented work, the stress intensity created due to bending stress ( ) K I Bending , is estimated by applying the resultant from the multiplication of the Newman's correction factor and another factor to the nominal maximum stress in bending:
where σ Bending represents the stress in bending, and S is derived from the ratio of two sets of stress intensity factor influence coefficients for a single edge-crack in a finite-width sheet in tension and for an edge-crack in a beam in bending. Further details on the derivation of S can be found in Appendix C.
Once ( ) K I Force is calculated, the stress intensity created due to bending stress ( ) ( ) K I Bending can be found using Eq. (2) and then, considering Eq. (5), σ Bending can be calculated. The corresponding bending moment per unit length of pipe (M n ) can then be derived from [25] :
Bending n 2 Fig. 7 illustrates the failure correlation of combined force and bending moment for a ring element of a 30″ cast iron pipe with wall thickness of 27.7 mm (arbitrarily defined) containing an externally located edge crack. Various crack depths of 10%, 30% and 50% of the wall thickness have been considered, to be comparable with the models provided in the loss-of-section analysis illustrated in Fig. 3 . In this example a fracture toughness value of 10 MPa m has been assumed for cast iron [26] . As can be observed, with increasing corrosion depth, the line of the failure envelope shifts upwards and changes gradient.
Comparing the strength models for the ring elements
Here, the flexural strength interaction diagrams (Fig. 3) presented as part of the loss-of-section analysis are compared with the strength models derived and presented (Fig. 7) from the fracture mechanics analysis. Since the ring elements are more likely to experience the forces that are representing the tensile condition, then for simplicity this comparison is focused on the tensile part of the flexural strength interaction diagrams.
The graphs presented as part of Fig. 8 illustrate how the flexural strength interaction diagrams compare between the two models at various depths of corrosion, in tension. Note how the graphs also indicate that the application of fracture mechanics would modify the failure envelope and increase the failure region (shaded area) as the depth of corrosion increases. In parallel when the ring element is subjected to positive (tensile) forces and negative moments, independent of the corrosion depth, the failure is mainly governed by the fracture mechanics strength model. In contrast, in the region of the graphs where the section is subjected to positive forces and positive moments, both strength models can be influential, although the loss-of-section model tends to be causing failure. This is particularly the case at 10% depth of corrosion (Fig. 8 (b) ), at which failure is mainly governed by the lossof-section residual strength model. Here, the positive bending moments are acting to close an externally located crack whilst, on the other hand the tensile forces tend to open it up.
Combined loading analysis of a thin circular ring
We now calculate the response of a ring subjected to external load and internal pressure by estimating the failure load, also referred to as 'resistance capacity' [10] . This is the minimum external load (earth and traffic loads) that causes one or more elements along the ring to reach its flexural strength for an assumed internal pressure or alternatively, the minimum pressure (internal working and surge pressure) that causes one or more elements along the ring to reach its flexural strength for an assumed vertical load [10] .
In order to create the combined loading curves from the residual strength model, the uniformly distributed force around the ring per unit length, generated by an assumed internal pressure, is calculated and positioned against the flexural strength interaction diagram of the ring elements. A procedure then calculates the minimum external loading that is required to generate the additional forces and moments per unit length, at any point around the ring, necessary to create failure. The combination of the internal pressure and the calculated minimum external loading generates a failure point on the combined loading. Alternatively, the resultant forces and moment that have been generated due to an assumed vertical loading can be calculated and positioned on the residual flexural strength interaction diagram of the ring element. The procedure then calculates the minimum internal pressure that is required to generate the additional force per unit length necessary to shift this position into the failure envelope. The combination of the external loading and the calculated internal pressure provides a failure point on the combined loading curve. At this stage, closed form formulae for structural analyses of a ring [10, 27] have been considered to calculate the distribution of forces and moments developed by external loading (earth and traffic load), and internal pressure (Fig. 9) . The solutions are assumed to be applicable, provided the pipe wall is relatively thin in relation to the radius and that it is uniform [10] . The two-edge vertical loading condition -i.e. concentrated point loading at top (crown) and point reaction at bottom (invert)-has been simulated to study the effects of external vertical loading on the ring as schematically shown in Fig. 9(a) .
In order to be able to implement these analytical solutions into the loss-of-section analyses, here, a uniform loss of section around the ring has been considered. This is considering a case that the uniform corrosion can be anywhere around the ring. Finite element solutions, similar to what has been proposed by Rajani and Abdel-Akher [10] should however be considered, in order to assess a locally damaged ring. The solutions in Fig. 9(a) indicate that the maximum absolute values of bending moments due to an applied two-edge external load develop at the top, i.e. θ ¼ 180°(crown), and bottom, i.e. θ ¼ 0°(invert), of the ring cross-section. Therefore, considering the assumption of uniform corrosion around the ring, the calculations of the external load capacity need only be made at the crown and invert. In producing the fracture mechanics Fig. 9 . Structural solutions to calculate circumferential (hoop) forces and bending moments around the ring of the pipe subjected to: (a) two-edge vertical loading and (b) internal pressure. R is the mean radius of the pipe andd is wall thickness, M is the bending moment per unit pipe length, Θ F is the internal force per unit pipe length, w is the applied two-edge external load per unit length of the pipe, p is the internal water pressure, θ is the angle between the vertical radius of the pipe bottom and the point around the thin circular ring at which θ M and θ F are calculated in anticlockwise direction (adapted from: Young and Trott [27] ). Fig. 10 . Combined loading curves for fracture mechanics and loss-of-section strength models. Both models represent the worst case scenarios, i.e. the crack at spring lines θ ¼ 0°and 180°, and the loss of section is uniform around the entire ring; (a) ring with original thickness and no defect present; (b) has a corrosion defect with a depth to wall thickness ratio of 10%; (c) has a corrosion defect with a depth to wall thickness ratio of 30%; (d) has a corrosion defect with a depth to wall thickness ratio of 50%.
combined loading curves, however, the worst location around the ring for corrosion-induced defects (simulated cracks) are at the spring lines, i.e. θ ¼90°and 270°. This is because, considering the structural solutions of a ring that is subjected to two-edge vertical loading ( Fig. 9(a) ), although the bending moment maximum value occurs at the crown and invert of the pipe, at these points the bending moments are positive. This means tension is created in the inner surface of the pipe, while the outer surface is subjected to compression. Hence, bending moment at these locations is working towards closing an externally located crack. On the other hand, at the spring lines, the bending moment reaches its maximum negative value, i.e. the inner wall is subjected to compression and the outer surface is subjected to tension. Fig. 10 compares the results of combined loading curves that are generated based on fracture mechanics and loss-of-section residual strength models. The graphs illustrate how the application of fracture mechanics redefines the failure region (shaded area). Both models represent the worst case scenarios, i.e. the crack (corrosion defect) being at the worst location around the ring, i.e. spring lines, and the loss of section is uniform around the entire pipe's cross section. Undertaking this sort of analysis can be useful when there is no information available on the actual location and/or the surface extent of corrosion defects.
As can be seen from Fig. 10 , overall it is noteworthy that there is the considerable decrease in resistance capacity of the pipe with the increase in corrosion depth, moving from Fig. 10(a) to (b), to (c) and (d). This may explain why a pipe that has successfully been in service for a long time can suddenly and catastrophically fail, when neither the external loading nor the internal pressure have changed. Most importantly for this analysis, in all cases considered in Fig. 10 , the combined loading curves created based on the fracture mechanics residual strength model produce lower resistance capacities for water pressure (bursting pressure) in the absence of vertical loading. The curves produced based on the loss-of-section strength model, however, estimate lower resistance values for vertical loading (bearing load) when no internal water pressure is considered. It is also apparent, that for smaller depths of corrosion, e.g. 10% loss of thickness, the analysis based on uniform loss of section appears to be predominantly controlling the resistance capacity of the pipe. However once the corrosion depth reaches about 30% loss of thickness, the fracture mechanics model takes control of the resistance capacity of the pipe for a wider range of loadings. For the stretches where the corrosion reaches up to half of the original wall thickness, the contribution of both models becomes about equal. It is however worth noting that it is unusual for water pressure to get up as high as 120 bar in cast iron trunk mains. The water pressure in trunk mains network are typically around 4-6 bar, with 20 bar being at the extreme end. Transient pressures can potentially be higher though.
In undertaking the fracture mechanics analyses, if the circumferential location of a corrosion defect is known, the calculation of the moment and forces needs to be limited to that particular location around the ring. Fig. 11 compares the combined loading curves produced for the same 30″ cast iron pipe containing an external corrosion defect of about 30% of the original wall thickness. Here the corrosion defect has been simulated both as a localised crack at various locations and as a uniform corrosion around the ring. The latter considers the scenario that corrosion can be anywhere around the ring.
It can be seen that if the defect is located at the spring line, the combined loading curve from the fracture mechanics strength model predominantly produces lower resistance capacities. However as the defect relocates towards the crown or invert of the ring cross section, the loss-of-section strength model controls the resistance capacity of the pipe over a wider range of loadings. It is clear however that even at the crown and invert, the fracture mechanics curve still provides useful boundaries for bursting pressures.
Concluding remarks
Existing models for residual strength have been used with some success in the water industry in order to inform asset management decisions. Such models are based mainly on the traditional view that the impact of corrosion can be treated as a loss of section -in essence reducing the problem to a simple assessment of the impact of degradation to a purely structural assessment. In practice this can lead to an over-estimation of the residual capacity of a specific pipe when the corrosion is present as more penetrating pit-like corrosion, rather than as a layer of uniform corrosion.
The current paper has taken the loss-of-section approach as a starting point and added a fracture mechanics analysis (which includes factors for geometric and loading conditions specific to a pipe in service). This revised model has been shown to provide a useful assessment of the residual capacity of pipe in a trunk main, which has been demonstrated through the presentation of failure envelopes generated for example defects in particular locations around the circumference of a pipe. Further, a case study demonstrates the potential to apply this methodology to a specific example. Such an approach provides a useful basis for asset management tools, and suggests a way in which a slowly deteriorating pipe can suddenly and catastrophically fail, when neither the internal pressure nor external loading have changed. It should also be noted that whilst the analysis presented here has been developed for grey cast iron, it has the potential to be adapted for other materials in other contexts. Fig. 11 . Combined loading curves for fracture mechanics and loss-of-section strength model. In the fracture mechanics model the ring contains a corrosion defect of 30% wall thickness that is treated as a crack. In this model the corrosion defect has been simulated at various angles around the ring circumference. The loss-of-section model is based on a uniform loss of 30% section around the ring.
